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Abstract: In this paper, a new approach for solving space fractional order diffusion equations is proposed. The
fractional derivative in this problem is in the Caputo sense. This approach is based on shifted Chebyshev polynomials
of the fourth kind with the collocation method. The finite difference method is used to reduce the equations obtained
by our approach for a system of algebraic equations that can be efficiently solved. Numerical results obtained with our
approach are presented and compared with the results obtained by other numerical methods. The numerical results

show the efficiency of the proposed approach.
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1. Introduction

Fractional derivatives provide an excellent tool for the description of memory and hereditary properties of many
materials and processes [12, 14]. This is the main advantage of the fractional order derivatives in comparison
with the classical integer order models, in which such effects are in fact neglected [19, 26]. The advantages of the
fractional derivatives become apparent in modeling mechanical and electrical properties of real materials, as well
as in the description of rheological properties of rocks and in many other fields [19, 23, 25]. It should be mentioned
that there are also applications from the viewpoint of many fields such as physics, chemistry, engineering, finance,
and other sciences that have been developed in the last few decades [12, 24, 25, 27, 28, 35, 43]. A large number
of authors studied fractional differential equations, such as [1, 6, 7, 32, 39].

Over the past four decades the appeal of spectral methods for applications such as computational fluid
dynamics has expanded, commensurate with the erosion of most of the obstacles to their wider application
[5, 8, 44]. They have been applied successfully to numerical simulations in many fields. They have gained wide
popularity in automatic computations for a wide class of physical problems in fluid and heat flow[8, 9, 14].

In recent decades, the Chebyshev polynomials have become some of the most useful polynomials that are
suitable in numerical analysis including polynomial approximation, integral and differential equations, spectral
methods for partial differential equations, and fractional order differential equations (see [9, 12, 20, 33, 36, 42]).

The fractional order diffusion equation is considered one of the attractive concepts in the initial boundary
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value problems in fractionals. It has been used in modeling turbulent flow [10], groundwater contaminant
transport [4], chaotic dynamics of classical conservative systems [28, 45|, applications in biology [16], and
applications in other fields [5, 12, 21, 33]. Later there appeared several numerical methods for solving fractional
diffusion equations, such as those in [2, 3, 21, 22] where the authors used the finite difference method. Cui
[11] and Geo and Sun [17] used the compact finite difference scheme. On the other hand, Sweilam et al.
[37, 38, 40, 41] used the Chebyshev collocation method with finite difference method for solving fractional
diffusion equations. Saaddmant and Dehghan [29-31] used an operational matrix. Moreover, there are many
methods for solving fractional order diffusion equations [13, 15, 18, 21, 22, 34, 37].

This paper has essentially been motivated by the enormous numbers of very interesting and novel
applications for fractional diffusion equations. We have used shifted Chebyshev polynomials of the fourth
kind and we recall some of their important properties and analytical forms. We have used these polynomials
to approximate the numerical solutions of fractional diffusion equations with the assistance of the Chebyshev
collocation method together with the finite difference method to convert the system of equations into algebraic
equations so that they can be solved.

The structure of this paper is as follows: the next section recalls some classical facts from calculus
that form the basis of our purpose in this work. In Section 3, we introduce the fundamental concepts, definitions,
and some properties of Chebyshev polynomials of the fourth kind that are necessary in what follows. In Section
4, we introduce the main theorem of our technique for solving space fractional order diffusion equations subject
to homogeneous and nonhomogeneous boundary conditions using shifted Chebyshev polynomials of the fourth
kind. The numerical scheme is explained in Section 5. In Section 6, we present numerical examples to exhibit
the accuracy and the efficiency of our proposed method, in which our numerical results are computed using
MATLAB. Conclusions are presented in Section 7.

2. Preliminaries

Definition 1. The Caputo fractional derivative operator D* of order p is defined as follows [26]:

s pm)
D f(z) = — )/O(f Oy uso, (1)

T(m—p x — t)p—mtL

where m—1<pu<m, me&N, x>0. Thelinear property of the Caputo fractional derivative is similar

to integer order differentiation:
DF(Mf(x) +79(x)) = AD* f(x) +vD"g(x), (2)

where A and v are constants.

For the Caputo derivative we can obtain the following result:

DVk =0, kisa constant, (3)
0, for neNy and n < [u],
womn
Dz _{ %m("’“), for neNy and n > [u]. (4)

The function [u] is used to denote the smallest integer greater than or equal to p. Also, Ng = {0,1,2,...}.

Recall that for € N the Caputo differential operator coincides with the usual differential operator of integer
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order. For more details about fractional derivative definitions, theorems, and their properties see [14, 26]. The

main objective of this work is to provide a solid foundation that may later be used for the construction of

an efficient and reliable numerical method for solving space fractional order diffusion equations using shifted

Chebyshev polynomials of the fourth kind. Consider the one-dimensional space fractional order diffusion
equation of the form

ou(z,t oFu(x,t

o = v S5

+q(z,1) (5)

on a finite domain 0 <z < L , 0 <t <T with the parameter u referring to the fractional order of the spatial

derivative with 1 < p < 2. The function ¢(z,t) is the source term. We also assume an initial condition:

u(z,0) = f(z), O0<z<L, (6)
and the boundary conditions:

u(0,t) =yo(t), 0<t<T (7)

uw(L,t) =y1(t), 0<t<T. (8)

In the case of u =2, Eq. (5) is the classical second order diffusion equation:

00 — oy 08D ), Q

3. Some properties of Chebyshev polynomials of the fourth kind
3.1. Chebyshev polynomials of the fourth kind

Definition 2. The Chebyshev polynomials W,,(z) of the fourth kind are orthogonal polynomials of degree n
in = defined on [—1,1] (see Mason and Handscomb [20]):

sin(k + 3)0
Sing

Wk (:E) =

where 2 = cosf and 6 € [0,7]. They can be obtained explicitly using the Jacobi polynomials P,ga'ﬂ ) (x), for
1
5 .

the special case = —a = These are given by:

where

P(Q’B)

B T(a+k+1) " rENT(a+B+k+m+1) [z—1\"
b (x)_F(k+1)F(a+6+k+1)Z<> ( ) ' (11)

m MNa+m+1) 2

m=

These polynomials W,,(x) are orthogonal on [—1,1] with respect to the inner product:

W) W) = [ [ W) Won(a) d = {?T 7 (12)
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1—
where 4/ T T s the weight function corresponding to W, (z). Moreover, the polynomials W, (z) may be
x
generated by using the recurrence relations
Whii(z) =22 Wy (z) = Whoi(x), n=1,2,...,

with starting values
Wo(z) =1, Wi(z)=2x+1, Wsy(z)=42>+2x — 1.

There is an important relationship between Chebyshev polynomials of the second kind and those of the fourth

kind, given as follows:

].+.T>1/2

Wy (x) = Usp ( 5

(13)
From the analytical form of the Chebyshev polynomials of the second kind given in [40] together with Eq. (13),
the analytical form of the Chebyshev polynomials of the fourth kind W, (z) of degree n can be expressed as
follows:

= [(2n—i+1)

W (z) = ;(—1)1‘(2)“4 FG T T @2 ) (14+2)"" neZ'. (14)

3.2. Shifted Chebyshev polynomials of the fourth kind
We may define Chebyshev polynomials appropriate to any given finite range [a,b] of = by making this range

correspond to the range [—1,1] of new variables under the linear transformation:

:2m—(a+b)

=) (15)

The Chebyshev polynomials of the fourth kind appropriate to [a, b] are thus W,,(s), where s is given by Eq.
(15) (see [20]). Moreover, since the range [0, 1] is quite often more convenient to be used than the range [—1, 1],
the range [—1, 1] was adjusted to the range [0, 1] for convenience, and this corresponds to the use of the shifted
Chebyshev polynomials of all kinds. However, in this work, we focus on the shifted Chebyshev polynomials of
the fourth kind W (z) of degree n in x on [0,1] given by:

W (z) = W (22 — 1).

n

These polynomials are orthogonal on the support interval [0,1] as the following inner product:

1 —r 0, n=#m,
Wi Wit = [ /55 W:(@W&(x)dw:{w . (16)
27 )

71—
where 4/ T s weight function corresponding to W*(x) and normalized by the requirement that W (1) = 1.
x

Also, W} (z) may be generated by using the recurrence relations

w1 (2) =22z =Y Wi(x) = Wi_y(z), n=12,...,
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with starting values:
W(z) =1, Wi(z)=4x—1, Wi(x)= 162" — 12z + 1.

The analytical form of the shifted Chebyshev polynomials of the fourth kind W} (x) of degree n in z is
given by

Wi =2 (' g fgﬁ&fiﬁ pe et (17)

It is clear that the analytical form given in Eq. (17) can be obtained by the analytical form of Chebyshev
polynomials of the second kind given in [40] and the relationship between W}*(z) and U,(z), which can be

generated by using the following relation:
Usp () = Wi (x?).
In a spectral method, on the assumption that it is possible to expand a given function g(z) in a (suitably

convergent) series based on a system ¢, (z) of polynomials orthogonal over the interval [a,b], ¢, (z) being of

exact degree n, we may write

o0
g(x) = Z Cndn(x), € la,b], (18)
n=0
and it follows, by taking inner products with ¢;(z), that

<g(.’1?), (bz(x» = Z Cn<¢n(x)7 (bz(x»

Now the function g(x), square integrable in [0, 1], is represented by an infinite expansion of the shifted

Chebyshev polynomials of the fourth kind as follows:
[e )
g(x) = e Wi (x), (19)
i=0

where ¢; are constants. One then proceeds to estimate as many as possible of the coefficients ¢;, thus

approximating g(x) by a finite sum of (m + 1)-terms such as:

gm(x) =Y e Wi(a), (20)
=0

where the coefficients ¢;, (i =0,1,...,m.) are given by
1t (o4l l-z
=t [ o) s Wi (21)
or
2 (! 1-
=2 [ gl |2 W @) (22)
™ Jo X
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4. Main results
In this section, we will give a derivation of the approximate formula of the fractional derivate of the function
gm/(x) given in (20) using shifted Cheybshev polynomials of the fourth kind and properties of the Caputo

derivative.

Theorem 1 Let g,,(z) be an approximated function in terms of shifted Chebyshev polynomials of the fourth
kind as given in (20) and suppose u > 0. Then we obtain:

m i—[p]

gm@) = 303 o VI gihon, (23)

i=[p] k=0

where
P2i—k+1)I'(i—k+1)
Ck+1)0(2i —2k+ )G —k+1—p)

Proof Using the definition of the approximated function g¢,,(x) given in Eq. (20) and the Caputo fractional

V;EZ) _ (71)k o(2i—2k)

(24)

differentiation properties given in Eq. (2) we obtain:
H(gm(x Zcz DH (W (x (25)

The properties of linearity of the Caputo derivative together with Egs. (3) and (4) are used to claim that:
DM(Wz*(x)) =0, +=0,1,.., “"—I -1, pu>0 (26)

Also, we obtain:

m * _ : 2i—2 F(QZ—]{,‘—FI) o i—
AW ) = 3 (0 28 o 2 @7

Eq. (27) can be rewritten with the aid of using Eqs. (3) and (4) as follows:

i—[pl

- D(2 — k+1)D(i — k+1) .

DM (Wi (z)) = —1)k 2(2i—2k) ik 28
(W7 (@)) kzzo( ) T(k+ )0(2 —2k+ 1)0(i —k+1— p) (28)

By combinations Eqs. (25), (26), and (28) we obtain:

m =[] . .
. F2i—k+1)I'GE—k+1) ik
DH —_ (=1 k 2(21 2k) i—k—p 29
(9m () Z[:] kzo ¢ (1) T+ )02 —2k+ )T(Gi—k+1—p) " (29)
i=[p =
and Eq. (29) can be rewritten in the following form:
m i—[p] '
S v )
i=[u] k=0
where
. D2 —k+1)T(i —k+1)

V) _ 1)k 92i-2k) , 31
e = (=1 T(k+ D2 — 2k + )i —k+ 1 — p) (31)
O
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Simple test: Consider g(z) = 2% with m =3 and pu = 1.5. Using Eq. (4) we obtain:

&x(%m) _ @) ot = 2
[(2+1-15) (1.5) I(3)

Nl=

Dl.on _

xTr2.

Then, using the proposed method given in Theorem 1 together with Eq. (21), we obtain:

3 i—2

PL5,2 — Z Zci ‘/i}lf p(i—k—1.5)

i=2 k=0 (32)
3 3 3 3 31
=2 Volp 22 43 Vaip w2 +e3 V3l a2,

where
3 32 3 128 3 —-32

20 =@y V0T paEy ‘/3,1:@'

5. Numerical scheme
Consider the fractional order diffusion equation of the type given in Eq. (5) with initial condition as in Eq.
(6) and boundary conditions given in Eqgs. (7) and (8) respectively. In order to use the Chebyshev collocation

method and finite difference method, let us approximate u(x,t) as follows [20]:
U (2, ) = Z u;(t) Wi (x). (33)
i=0

From Egs. (5) and (23) and Theorem 1 we can claim:

m m i—[p]

dui ! * i—k—p
g d)f ) Wi (x) = p(zx) g g u;(t) V;(Z) TR g, ). (34)
=0 i=[u] k=0

Now we collocate Eq. (34) at (m+ 1 — [p]) points z, as follows:

m m i—[p]

du”b(t) * i—k—
Dot Wiay) = play) Y Y wil®) Vi ap gl ). (35)
=0 i=[u] k=0

We use the roots of shifted Chebyshev polynomials of the fourth kind Wy ., _ fﬂ( x) to suitable collocation

points. Also, substitute Egs. (22) and (33) in the initial to get the constants (u;) in the initial case at (t =0).
Moreover, substitute Eq. (33) in the boundary conditions to get [u] equations. For example, by substituting
Eq. (33) in Egs. (7) and (8) respectively, in the case of 0 < z < 1 we obtain:

Zm: )@ o i 2 +1) =y (t). (36)
1=0

=0
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Notice that if the boundary conditions are zeros by Dirichlet conditions Eq. (36) can be rewritten as:

zm: (=)@ o, i 2 + 1) =0. (37)
1=0

=0

Eq. (35) together with [u] equations of the boundary conditions (36) give (m + 1) ordinary differential
equations, which can be solved numerically using the finite difference method (Euler method) to get the unknown

coefficients u;, i =0,1,...,m.
6. Numerical experiments and comparison
Example 1 Consider Eq. (5) with g = 1.8:

ou(x,t)
ot

Ot Bu(x,t
:p(x)ﬁ—i-q(x,t), O<z<l1l, t>0,

with the diffusion coefficient
plz) = T(1.2) 2',

the source function
q(z,t) =32% 2x —1) ™"

with the initial condition
u(z,0) = x2(1 —x),

and the boundary conditions
u(0,t) =u(l,t) =0, t>0.

The exact solution of this problem is given by:
u(z,t) = 22(1 — z)e L.

Let us consider m = 3; then we have:

3
us(x,t) = Z u; (t) Wi (x). (38)

=0
Using Eq. (35), we claim:
zg:dui(t) W p(z zg:fu VIS Gik18 e ) p=0,1 (39)
—od p22k07 ik pt) ) L

where x, are the roots of the shifted Chebyshev polynomial of the fourth kind W5 (z). Using Egs. (37) and

(39) we obtain the following system of ordinary differential equations:

ug(t) + G uy (t) + Ga uz(t) = Hy ua(t) + Hy us(t) + q(zo, 1), (40)

ug(t) + Gi1 ui(t) + Gaz us(t) = Hyp ua(t) + Hao us(t) + q(x1,t), (41)
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ug(t) — ur(t) +ua(t) —us(t) =0,
’Lbo(t) + 3’LL1 (t) + 5UQ (t) + 7U3 (t) = 07
where
G =W{(xo), Ga2=Ws(x9), Gu=W{(x1), Gao=W5(x1),

Hy = p(xo,t) Vz(})'s) xﬁﬂ.s, Hy = p(xo, 1) [VB(’B.S) x8*1'8 + ‘/—3(’11.8) x(z),LgL

Hiy = plar,t) Vig” a3, Hoo = plart) [Vig¥ o5 + V™ o779,

Now we use the finite difference method to solve the system of (40)—(43) with the following notations:

Tfinat, 0 <t; <T and we suppose At =T/N, t; = jAt, for j =0,1,...,N. Also, we define

uz(tn) = u?v Qi(tn) = q;'n'

Then the system in Eqgs. (40)—(43) is discretized in time and has the following form:

—1 n n—1 n n—1

ug — ug ult — uf uly — ug
G e — Hy u} + Hy uf} + g}
AL + Gy AL + Go AL 1 Uy + Ho uz +qq,

—1 n n—1 n n—1

ug — ug ul — uj uly — ug
Gn ————+G = Hy1 uly + Hoo uf + ¢f,
At UM A TR T v+ o Uy A

n n n n __
uy — uy +uy —uz =0,

ug + 3ul + duy + Tuy = 0.

The above system of Egs. (44)—(47) can be rewritten in the following matrix form:

AU™ = BU" Y + Atq", or U"=A'BU" '+ AtA 1",

where
1 G, —AtH; Gy — AtHy
A= 1 G11 —AtH1; Gog — AtHoo
B 1 -1 1 -1 ’
1 3 5 7
1 Gy 0 Gs
. 1 Gii 0 Ga
B = 0 0 0 0 ’
0 0 0 0

U = (uf, uy, uf, ug)T, and ¢" = (qf, ¢7, 0, 0, )T. In order to obtain the initial solution U° of Eq. (48) we

use the initial condition of the problem, u(x,0), combined with Eq. (21) or (22). Moreover, the approximation

solution in Eq. (38) is obtained by substituting the analytical form series of the shifted Chebyshev polynomials
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of the fourth kind W3 (z), (i =0,1,2,3) as well as the coefficients (u; , (¢ =0,1,2,3)). Which are computed
in Eq. (48).

The following tables compute the absolute error between the exact and the approximate solutions. In
order to assess the accuracy of the solutions obtained by our approach, in Table 1, we have compared the
obtained results with the results given in [40] at T = 1. Moreover, in Table 2, we have compared the results
of the presented method with the previously published data given in [18], [31], and [40] for the value of T = 2.
From Tables 1 and 2 we can deduce that the presented method is more accurate than other methods. The
computational cost (CPU time) for the proposed method also seems to be faster than other methods because
we just need a few terms (i.e. m = 3) to obtain a highly accurate solution. The exact and the numerical

solutions at m =5,T =1 and m =7, T = 2 are plotted in Figures 1 and 2, respectively.

Table 1. The absolute error of our method and the method given in [40] for Example 1, at T = 1.

Table 2. The absolute error of our method and methods given in [18], [31], and [40] for Example 1, at T = 2.

x Method of [40] with m = 3 | Present method with m =3
0 |o 0

0.1 5.46 x 1076 5.32 x 1010
0.2 | 8.51 x 1076 6.94 x 10~10
0.3 ] 9.60 x 1076 5.79 x 1010
04 ]9.18x10°° 2.82 x 10710
0.5 | 7.69 x 1076 1.00 x 1010
0.6 | 5.60 x 10~ 476 x 10710
0.7 [ 3.33x 1076 7.48 x 10710
08 [ 1.34x 1076 8.22 x 10~10
09 | 839x 1076 6.05 x 10711
1 0 0

x| In[18],(m=7) | In [31], (m =5) | In [40], (m = 3) | Present method, (m = 3)
0 3 x 1070 0 0 0

0.1 ] 4.18 x 1076 447 %1076 3.33x 1076 3.44 x 1010
0.2 [ 5.45x 1076 2.78 x 1077 5.65 x 106 4.04 x 10-10
0.3 | 6.18 x 1076 5.81 x 1076 7.05 x 1076 2.55 x 10~10
0.4 [ 6.49 x 1076 1.02 x 107° 7.64 x 1076 2.14 x 10711
0.5 ] 6.39x10°° 1.17 x 1072 7.52 x 1076 3.49 x 1010
0.6 | 5.95x10°° 1.08 x 107° 6.80 x 107° 6.49 x 1010
0.7 [ 5.32x10°6 8.54 x 1076 5.59 x 10~ 6 8.41 x 1010
0.8 [ 4.59 x 1076 6.06 x 10 3.98 x 1076 8.50 x 10~10
0.9 [ 3.79 x 1076 3.67 x 106 2.08 x 1076 5.96 x 10~ 10
1 3x 107 0 0 0

Example 2 Consider Eq. (5) with g = 1.8:
1.8
8u((91;, 2 = p(x) %ﬁ,t) +q(z,t), O0<z<l, t>0,
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0.08 ; . . : :
2 exact solution O exact solution
—*+— approximate solution —+— approximate solution
nm 4
005+ .
LA ] ooish .
Zoost . 2
= =
omb 1
0.02 - 1
0005 .
001+ .
De L 1 1 1 1 1 1 1 1 Da 1 1 1 1 1 1 1 1 L
0 01 02 03 04 05 06 07 0B 09 0 01 02 03 04 05 0B 07 08 08
¥ axis ¥ axis
Figure 1. The behavior of the exact solution and approx- Figure 2. The behavior of the exact solution and approx-
imation solution with m = 5 and T = 1 for Example imation solution with m = 7 and T = 2 for Example
1. 1.

with the diffusion coefficient

the source function

with the initial condition

and the boundary conditions

u(0,t) =0, wu(l,t)=e"*, t>0.

The exact solution of this problem is given by:

u(z,t) = zde "

From the results of Table 3 and Figure 3, it is shown that the numerical results obtained by the proposed

approach are more accurate than the results given in [40] and [42].

Table 3. Comparison of maximum error of different methods of [40] and [42] and our presented method for Example 2,
at T =1.

Max error [40] | Max error-CN [42] | Max error-ext CN [42] | Max error of ours with m = 3
8.3830 x 10~ 10 6.84895 x 10~% 2.82750 x 10~° 3.1075 x 10~10

Example 3 Consider Eq. (5) with the diffusion coefficient
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0.4

< exact solution
—+— approximate solution

0.35

03r

0251

02F

uix bl

0 gt T

0 01 nz 03 04

1
05 0E
¥ axis

07 08 08 1

Figure 3. The behavior of the exact solution and approximation solution with m =3 and T =1 for Example 2.

the source function

q(z,t) = (z(z — 1) = I(3) 2?) ¢,

with the initial condition
u(z,0) =z (x — 1),

and the boundary conditions
u(0,t) =u(l,t) =0, t>0.
The exact solution of this problem is given by:

u(z,t) =2 (z — 1)

From the results of Table 4 and Figure 4, it is shown that the numerical results obtained by the proposed

approach for different values of u are accurate.

Table 4. The absolute error of the presented method at different values of p for Example 3 and T = 1.

T =125 w=15 w=1.75 ©w=195

0 0 0 0 0

0.1 ]143x1078 [ 1.68x10°°% ] 1.86x 108 ] 1.97 x 10°%
02]128x1078 [ 216x10°% | 2.78 x 1078 | 3.14 x 10~ 8
03]1.66x10710 | 1.75x1078 [ 2.95x 1078 | 3.63 x 10~8
04]1.89x10"% | 750x 1079 | 2.58 x 1078 | 3.59 x 10~8
0.5]395x107% | 516x107° | 1.85 x 1078 | 3.16 x 10~ ®
06 ] 571x1078% [ 1.74x1078 | 9.79 x 1079 | 2.48 x 1078
0.7]666x10"% |261x108 [ 1.57x1079 [ 1.68 x 10~ 8
0.8]6.35x107% | 282x107% | 4.14 x 1079 | 9.07 x 107°
09 429x107% [2.05x1078 [ 533 x1079 | 3.01 x 1077
1 0 0 0 0
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0: T

T T
O e=xact solution
—#— approximate solution

031 g

u(x,t)

041 E

051 q

-0.6 &

Figure 4. The behavior of the exact solution and approximation solution with m =5 and T = 2 for Example 3.

7. Conclusions

In this paper, shifted Chebyshev polynomials of the fourth kind and their properties together with the Chebyshev

collocation method are used to reduce the space fractional order diffusion equation for a system of ordinary

differential equations. The finite difference method, the Euler method, is used to solve these systems of

equations. The fractional derivative is considered in the Caputo sense. The validity and applicability of our

presented method is illustrated through the obtained numerical results. These results are compared with results

published in some papers. From the numerical results, it is obvious that our proposed method exhibits accuracy
and efficiency better than the other methods. All computed results are obtained by using MATLAB.
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